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Introduction 
 In structural mechanics, large scale simulations often exceed the capabilities of a single computer. The underlying 
spatial domain is therefore partitioned into multiple sub-domains for parallel computation [1, 2]. This partitioning of 
the spatial domain can be across components of an assembly or an arbitrary interface within a single part. In both cases, 
the two sides are numerically ‘welded’ during the analysis. 
 While the interface geometry, typically defined via computer-aided design (CAD) models, is unique, the 
discretization, or meshing, procedure will produce a discrete model/mesh that does not necessarily: 1. conform to the 
CAD model, or 2. conform to the adjoining discrete model. This is typically the case when the interface is a curved 
surface.  Thus the four possible outcomes are: 

1. Meshes conform to CAD and to each other.  This case is easily handled since both the CAD models and mesh 
models conform. 

2. Meshes don’t conform to CAD but conform to each other.  Again, this case is easy to handle as the meshes 
conform. 

3. Meshes conform to CAD but not to each other.  This is illustrated in Figure 1a, and is the classic case of 
“non-conforming” or “non-matching” grids that is typically addressed by the Mortar Element Method [3-6] 
(MEM) amongst others [7-12]. 

4. Meshes don’t conform to CAD and don’t conform to each other.  This is illustrated by Figure 1b, and is of 
primary concern in this paper.   

 While case (4) above has previously been addressed via a suitable modification of MEM [13] we propose here an 
alternate, and perhaps simpler, technique to couple, or glue, the physics back together through a lower-dimensional 
entity at the interface. For example, in 2D plane stress, a beam is used between the two sides of the interface. While 
[14] demonstrates beam to solid coupling we differ in that here the beam is oriented tangent to the surface instead of 
normal. This lower-dimensional entity “fills in the gaps” between the discrete models, acting as a mechanism to 
transfer information between the two meshes. 

 
(a)    (b) 

Figure 1:  Two different forms of “non-conforming” meshes: (a) the mesh conforms to the CAD model (a line), 
but in (b) it does not conform to the CAD model (a circular arc). 

Proposed Concept 
 The underlying concept behind the proposed approach is that since the discrete models do not represent the CAD 
models precisely, we fill these gaps (possible overlaps will be considered shortly) with a thin, possibly even zero 
thickness, lower-dimensional entity. This process in illustrated in Figure 2, where the outermost subfigures represent 
the two discrete models and the center subfigure illustrates the oriented thin region between them, together with the 
beam mesh. As this layer is thin it must be handled appropriately, e.g. as a beam in 2D. In particular, Euler-Bernoulli 
beam theory is invoked throughout this paper. Each parent mesh is glued to this lower-dimensional entity through 
Dirichlet coupling, in that each parent degree of freedom (DOF) is cast as a function of the lower-dimensional DOFs by 
simply evaluating the appropriate shape functions.   



 
Figure 2:  Example of two discrete models of a curved interface and their coupling to a beam mesh. In the 

subfigures the dashed line is the CAD model of the interface, while the solid lines are the beam mesh used during 
analysis. 

 As illustrated in Figure 2, the oriented beam region will, in general, be quite irregular and unfit for standard beam 
assembly where cross-sectional parameters must be explicitly determined. Instead, the recently developed dual-
representation technique [15, 16] is used.  For a thorough description of this method we refer the reader to [17] but for 
convenience we replicate the central idea here. For an Euler-Bernoulli beam oriented along a local x-axis (see Figure 3) 
the method is described below (taken from [17]): 
Let 
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where 0 0( )& ( )u x v x  are the axial and bending displacements. The unknown displacements 0( )u x  and 0( )v x  are 
typically approximated via: 
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where: 
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where iQ  are quadratic shape functions, iH  are the cubic Hermitian shape functions, and 0̂d  are the 7 degrees of 
freedom include 3 for axial stretching, and 4 for bending: 

  0 1 1 1 2 3 2 2
ˆ ˆ ˆˆ ˆˆ ˆ ˆd u v u u v   (1.4) 

Observe that the beam stress is given by: 
  0, 0,xx x xxE u yv    (1.5) 

Further, it is easy to show that the stiffness matrix is given by: 
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 At this point, the dual-representation method uses the divergence theorem to convert equation (1.7) to a boundary 
integral, leading to the following final definition of the stiffness matrix: 
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Where yn  is the outward normal to the boundary. 
 Effectively, this technique takes the definition of the internal energy of a beam, and converts it into a boundary 
integral so as to simultaneously capture the higher dimensional geometry and the lower-dimensional physics – hence 
the name dual-representations. It is interesting to note by using dual-representations, the beam mesh is not required to 
lie on the CAD model, but instead only needs to appropriately represent the beam region defined by the two discrete 
parent meshes.  



 In the case of overlapping mesh elements, equation (1.8) naturally computes a negative stiffness due to a negated 
outward normal.  The negative stiffness is appropriate since the assembly of regions where overlaps occur are thrice 
accounted for, two positive and now one negative. The two positives come from the overlapping parent elements and 
the negative is from the inverted beam. This negative value effectively brings the total count to just one positive.  The 
negative stiffness simply renders a (possibly) positive-definite matrix into an indefinite matrix. 
Algorithm 
 In summary, the proposed technique can be broken down to the following steps for a 2D plane stress problem: 
1) Assemble the plane stress stiffness matrices 1

psK   and 2
psK  for each of the two parent meshes. 

2) Compute the boundary of the oriented region between the discrete models; see Figure 2 and Figure 3. 
3) Define the particular physics of the beam region through a beam mesh.  As previously mentioned, this mesh is not 

required to lie on the CAD model of the interface.   
4) Compute the effective beam stiffness matrix bK  for this region via dual-representations. In the case that Euler-

Bernoulli beam physics is assigned to the interface region equation (1.8) is appropriate. 
5) Generate the Dirichlet coupling matrix, C , as follows: 

a) For each node on both interface meshes: 
i) Let the ,u v  degrees of freedom of this node in the beam coordinate system be ˆ,̂u v . 
ii) Find the  ,x y  coordinate of this node in the beam local coordinate system (see Figure 4). 

iii) Evaluate , ,
v

u v dN
N N y
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 using equation (1.3) at the just computed  ,x y  coordinate. 

iv) Append the equations: 
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to C . 
6) Assemble the system: 
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and solve.

 
Figure 3: A beam (shaded region) with local x-
direction of one beam element. 

 
Figure 4: A portion of an interface mesh (solid 
lines), corresponding beam element (dashed line), 
beam DOF, and all attached nodes. 

Examples 
 Here we demonstrate the concept through a 2D plane stress example that contains gaps and overlaps between the two 
discrete models. For all studies to follow, the material properties are: Young's Modulus is 2e11 [N/m2], and Poisson's 
Ratio is 0.33. Furthermore, the base CAD model, together with the boundary conditions, is illustrated in Figure 5. The 
interface is comprised of two circular arcs and a line segment that is tangent to the arcs. This provides a region with 
overlaps (Figure 6a), a region where the beam thickness is zero (Figure 6b), and a region with gaps (Figure 6c). In 
addition, the exact solution is always taken to be that of a highly refined fully conforming finite element model. 
 In the first example, we assign the same ‘mesh-size’ to the two domains, i.e., the meshes conform. Further, the beam 
is also discretized with the same mesh-size. Figure 7 shows the resulting error in the energy norm versus the global 
mesh size. We observe the expected drop in error confirming that the proposed method recovers the ‘true’ solution in 
the case of a conforming mesh. 
 The next example investigates the generality of the proposed method. The mesh parameters are held constant 
through each test where a mesh-size of 0.03 [m] is assigned to the upper sub-domain, and 0.017 [m] is assigned to the 
lower sub-domain. Table 1 shows various CAD models used at the interface during the experiment; the resulting mesh-



models have significant overlaps and gaps (not illustrated due to lack of space). The predicted maximum x-
displacement is summarized in Table 1. As the results indicate, the method is insensitive to various pathologies that 
may arise, and can handle significant overlaps and gaps with relative ease. 

 
Figure 5: Base geometry with interface, dimensions, and boundary conditions. 

 

 
(a)          (b)              (c) 

Figure 6:  The interface with: (a) overlapping elements, (b)  classic "non-conforming" mesh, and (c) gaps. 
 

 
Figure 7: Error in energy norm versus global mesh 
size for proposed method. 

Table 1: Max x-displacement for various interface 
geometries 

Max(u) [um] Interface curve 

2.37092 
2.37093 

2.37096 

2.37101 

2.37101 

2.37090 

2.37089 

2.37085 

2.37085 

2.37083 



Conclusions 
 We have proposed here a simple method to couple non-conforming meshes using a lower-dimensional entity. As 
supported by theory and experiments, the proposed method can handle both gaps and overlaps in adjacent discrete 
models with relative ease. 
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